A major line of research is discovering Ramsey-type theorems, which are results of the following form: given a graph parameter ρ, every graph G with sufficiently large ρ(G) contains a "well-structured" induced subgraph H with large ρ(H). The classical Ramsey's theorem deals with the case when the graph parameter under consideration is the number of vertices; there is also a Ramsey-type theorem regarding connected graphs.
Introduction
For a positive integer n, let [n] denote the set {1, . . . , n}. All graphs considered in this paper are undirected, finite, and simple. As usual, given a graph G, let V (G) and E(G) denote the vertex set and edge set, respectively, of G. For an edge e, we will slightly abuse notation and let V (e) denote the set of both ends of e. We use P n , K n , and K n,m to denote a path on n vertices, a complete graph on n vertices, and a complete bipartite graph where each of the two parts has n and m vertices, respectively.
Ever since the classical Ramsey's theorem [8] appeared in 1930, it has been a central topic in combinatorics and graph theory as it provides a fundamental link between discrete mathematics and other branches of mathematics. Ramsey's theorem guarantees that a graph on sufficiently many vertices contains either a large complete graph or a large edgeless graph (as an induced subgraph). However, when we restrict our attention to connected graphs, Ramsey's theorem is not quite satisfying since an edgeless graph is not connected. Nonetheless, there exists a well-known Ramsey-type theorem for connected graphs, which we state as Theorem 1.1 (see [5] ); it states that a connected graph on sufficiently many vertices contains a long path, a large complete graph, or a large star as an induced subgraph.
Ramsey's Theorem ( [8] ). For a positive integer n, there exists an integer N 0 (n) such that every graph on at least N 0 (n) vertices contains either K n or K n as an induced subgraph. Theorem 1.1 ( [5, Proposition 9.4.1] ). For a positive integer n, there exists an integer N 1 (n) such that every connected graph on at least N 1 (n) vertices contains P n , K n , or K 1,n as an induced subgraph.
It is natural to seek Ramsey-type theorems for other graph parameters. Hence, a popular research problem in this area is to discover Ramsey-type theorems, which are statements of the following form: given a graph parameter ρ, every graph G with sufficiently large ρ(G) contains a "well-structured" induced subgraph H with large ρ(H).
See [1, 2, 4, 6, 7] for various recent results in this direction, some with applications to algorithmic results.
The matching number and the induced matching number of a graph G, denoted by α (G) and α (G), is the maximum size of a matching and an induced matching, respectively, of G. We remark that Dabrowski, Demange, and Lozin [4] (also in [7] ) considered Ramsey-type results for the matching number, yet, their list of guaranteed graphs contains disconnected graphs since they do not restrict their attention to connected graphs. This paper sheds lights on a Ramsey-type theorem for the induced matching number regarding connected graphs. We use the aforementioned result to obtain a Ramsey-type theorem for the matching number regarding connected graphs. Along the way, we obtain a Ramsey-type theorem for the independence number regarding connected graphs.
In order to state our main theorem, we name four classes of graphs. See Figure 1 .
The graphs H 2 n , T n , S 2 n , and F n .
• H l n : The graph obtained from the complete graph on n vertices v 1 , . . . , v n by identifying v i and an end vertex of a path of length l for each i.
• T n : The graph obtained from the complete graph on n vertices v 1 , . . . , v n by identifying v i and a vertex of a 3-cycle for each i.
• S l n : The graph obtained from H l n by contracting the complete subgraph on n vertices into a single vertex.
• F n : The graph obtained from T n by contracting the complete subgraph on n vertices into a single vertex.
We now state our main theorem, which is a Ramsey-type theorem for the induced matching number regarding connected graphs. Theorem 1.2. For a positive integer n, there exists an integer N such that every con-
Note that each of the guaranteed graphs is a connected graph with induced matching number at least n−1 3 . Using the above theorem, we also obtain a Ramsey-type theorem for the matching number regarding connected graphs. Theorem 1.3. For a positive integer n, there exists an integer N such that every con-
n , or F n as an induced subgraph.
Note that each of the guaranteed graphs is a connected graph with matching number at least n−1 2 . Before ending this section, we mention that Theorem 1.3 implies Ramsey-type theorems for some other graph parameters regarding connected graphs. Given a graph G, the vertex cover number, denoted β(G), is the minimum size of a subset S of V (G) such that S ∩ V (e) = ∅ for all e ∈ E(G). It is not hard to see that every graph G satisfies [3] ). Hence, by replacing α (G) with β(G) and α f (G) in Theorem 1.3, we again have a Ramsey-type theorem for the vertex cover number and the fractional matching number, respectively, regarding connected graphs.
The paper is organized as follows. In Section 2, we first prove a Ramsey-type theorem for the independence number regarding connected graphs, which will be used in our proof of Theorem 1.2. We prove Theorem 1.3 in Section 3. In Section 4, we discuss a generalization of our main result to the induced H-matching number.
2 A Ramsey-type theorem for the induced matching number regarding connected graph Our goal in this section is to prove Theorem 1.2. We start with a lemma that will come in handy later. Lemma 2.1. Let G be a connected graph and let T be a connected subgraph of G. If We now prove a Ramsey-type theorem (Theorem 2.2) for the independence number regarding connected graphs. Note that all graphs that are guaranteed in Theorem 2.2 have independence number at least n 2 . This theorem will be used in the proof of Theorem 1.2. We remark that we are not interested in optimizing constants, so the existence of N 1 in Theorem 1.1 is sufficient for our purposes. Theorem 2.2. For a positive integer n, every connected graph G with independence number at least N 1 (n + 1) contains P n , H 1 n , or K 1,n as an induced subgraph.
Proof. Let U be an independent set of G where |U | = N 1 (n + 1). We may assume that every vertex of G \ U is a cut-vertex of G by deleting non cut-vertices one by one in
Since |V (G)| ≥ |U | = N 1 (n + 1), it follows from Theorem 1.1 that G contains P n+1 ,
as an induced subgraph. Since we are done if G contains either P n+1
or K 1,n+1 , we may assume that G contains K n+1 .
Since U is an independent set, every complete subgraph of G contains at most one vertex of U . So, G contains an induced subgraph K isomorphic to K n that does not contain a vertex in U . Let v 1 , . . . , v n be the vertices of K. Note that v i is a cut-vertex of G since v i ∈ U . However, since K is a complete graph, v i is not a cut-vertex of K.
Hence, by Lemma 2.1, we can extend K to an induced subgraph of G that is isomorphic to H 1 n . This completes the proof. Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. We show that the theorem holds when N = N 1 (3n + 2).
Let M = {e 1 , . . . , e N } be an induced matching of G. We may assume that every vertex of G that is not incident with an edge in M is a cut-vertex by deleting non-cutvertices one by one from V (G) \ e i ∈M V (e i ) . Let G be the graph obtained from G by contracting e i into a single vertex u i for each i ∈ [N ]. Since M is an induced matching of G, the set U := {u 1 , . . . , u N } is an independent set of G . Note that every vertex in V (G ) \ U is a cut-vertex of G . Now, by Theorem 2.2, G contains either P 3n+1 , H 1 3n+1 , or K 1,3n+1 as an induced subgraph.
Case 1: G contains P 3n+1 as an induced subgraph.
Let P be an induced path of length 3n in G . We will show that G contains an induced path of length at least 3n. For each u i ∈ V (P ) ∩ U , expand u i back into e i in
G.
If e i has an end z i adjacent to both neighbors of u i on P in G , then we keep the end z i and delete the other end. Note that no neighbor of u i on P in G is in U since U is an independent set. If e i has no such ends, then we keep both ends. It is not hard to see that the graph obtained above is an induced path, and its length is at least 3n.
Therefore, G contains P n as an induced subgraph.
Case 2:
G contains H 1 3n+1 as an induced subgraph. Since U is an independent set, G contains an induced subgraph H isomorphic to H 1 3n whose the maximum clique of H does not intersect U ; in other words, H consists of a clique C and an independent set I where |C| = |I| = 3n, C does not intersect U , and the edges between C and I form a (perfect) matching.
Suppose I∩U contains 2n vertices, and without loss of generality, assume u 1 , . . . , u 2n ∈ I ∩ U . Let v i be the vertex of C adjacent to u i for i ∈ [2n], and let H be the induced
We consider the induced subgraph of G obtained from H by expanding each vertex u i back into the edge e i for i ∈ [2n]. By the Pigeonhole principle, in {e 1 , . . . , e 2n } there exist n edges e i 1 , . . . , e in such that for every j ∈ [n] either both ends of e i j are adjacent to v i j or only one end of e i j is adjacent to v i j . The graph induced by j∈[n] {v i j } ∪ V (e i j ) is isomorphic to T n and H 2 n in the former and latter, respectively. So, we may assume that I \ U contains n vertices, and without loss of generality assume v 1 , . . . , v n ∈ I \ U . Let v i be the vertex in C adjacent to v i . Let H * be the induced subgraph of G on {v i : i ∈ [n]} ∪ {v i : i ∈ [n]}. Since v i ∈ U , it is a cut-vertex of G but not a cut-vertex of H * . By Lemma 2.1, there exists an independent set I of size n in
n . Now, consider the induced subgraph of G obtained from H * * by expanding every vertex in I ∩ U back to its original edge in G. This graph contains H 2 n as an induced subgraph. Therefore, G contains H 2 n as an induced subgraph.
Case 3: G contains K 1,3n+1 as an induced subgraph.
Let S be an induced subgraph of G isomorphic to K 1,3n+1 . Let c be the center of S and let L be the set of leaves of S.
Suppose c ∈ U , so that every leaf of S is not in U since U is an independent set.
Let e be the edge of G that was contracted to obtain c. There exists an end x of e and a subset L ⊆ L of size n such that x is adjacent (in G) to every vertex in L . Let L = {v 1 , . . . , v n }, and let S be the induced subgraph of G on {c} ∪ L . Since v i is a cut-vertex of G but not a cut-vertex of S for i ∈ [n], it follows from Lemma 2.1 that there exists an independent set I ⊆ V (G ) \ V (S ) of size n such that {c} ∪ L ∪ I is an induced subgraph S * of G that is isomorphic to S 2 n . Now, we consider the induced subgraph of G obtained from S * by expanding every vertex in V (S * ) ∩ U back to its original edge. This graph contains S 2 n as an induced subgraph. Therefore, G contains S 2 n as an induced subgraph. So, we may assume c ∈ U . If there are n leaves of S not in U , then, by the same argument as above, G contains an induced subgraph isomorphic to S 2 n . So, we may further assume that there exist 2n leaves of S contained in U . Without loss of generality, let u 1 , . . . , u 2n be such vertices. By the Pigeonhole principle, in e 1 , . . . , e 2n , there exist n edges e i 1 , . . . , e in such that, for every j ∈ [n], either both ends of e i j are adjacent to c or only one end of e i j is adjacent to c. Now, the graph induced by {c} ∪ j∈ [n] V (e i j ) is isomorphic to F n and S 2 n in the former and latter, respectively. Therefore, G contains P n , H 2 n , T n , S 2 n , or F n as an induced subgraph.
3
A Ramsey-type theorem for the matching number regarding connected graphs
In this section, we prove Theorem 1.3 using Theorem 1.2. Given a positive integer n, let R k (n) be the minimum integer N such that every k-edge-coloring of a complete graph on N vertices has a monochromatic complete graph on n vertices. See [8] .
Proof of Theorem 1.3. Given an integer n, let r be an integer satisfying the following:
if a connected graph has an induced matching of size r, then it also contains P n , H 2 n , T n , S 2 n , or F n as an induced subgraph; such an r is guaranteed to exist by Theorem 1.2. Since K n is an induced subgraph of H 2 n and T n , it is sufficient to show that a graph with sufficiently large matching number contains K n , K n,n , or an induced matching of size r.
Suppose that a connected graph G has a matching M = {x 1 y 1 , . . . , x m y m } where m ≥ R 16 (2r) and r ≥ n. Let H be a complete graph on m vertices where each vertex v k of H corresponds to the edge x k y k ∈ M , and for i < j, color each edge v i v j of H with the color (a, b, c, d) where a, b, c, d ∈ {0, 1} in the following fashion:
• a = 1 if and only if x i x j is an edge of G, We remark that the case when H does not contain a path cannot give a nice list of guaranteed graphs, since we cannot avoid all graphs obtained from attaching an arbitrary graph in H to every pendent vertex of an arbitrary tree.
